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Abstract

In this paper initial-boundary-value problems for a linear wave (string) equation are considered. These
problems can be used as simple models to describe the vertical vibrations of a conveyor belt, for which the
velocity is small with respect to the wave speed and is assumed to move with a time-varying speed. Formal
asymptotic approximations of the solutions are constructed to show the complicated dynamical behavior of
the conveyor belt. It will also be shown that the truncation method cannot be applied to this problem in
order to obtain approximations valid on long time scales.
© 2002 Published by Elsevier Science Ltd.

1. Introduction

Investigating transverse vibrations of a belt system is a challenging subject which has been
studied for many years (see Refs. [1-4] for an overview), and is still of interest today.

The main purpose of studying the dynamic behavior of a belt system is to determine the natural
frequencies of the vibrations. By knowing these natural frequencies, the so-called resonance-free
belt system can be designed (see Ref. [3]). Resonances that can cause severe vibrations may be
initiated by some parts of the belt system, such as the varying belt speed, the roll eccentricities,
and other belt imperfections. The occurrence of resonances should be prevented since they can
cause operational and maintenance problems including excessive wear of the belt and the support
component, and the increase of energy consumption of the system.

Belt vibrations can be classified into two types, i.e., whether it is of a string-like or of a
beam-like type, depending on the bending stiffness of the belt. If the bending stiffness can be
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neglected then the system is classified as string (wave)-like, otherwise it is classified as beam-like.
The transverse vibrations of the belt system may be described as
string-like by

Uy + 2V + Vivy + (k¢ v — Cz)vxx =0, (1)
and beam-like (with a string effect) by
Uy + 2Vo + Vivy + (K V2 - c2)vxx + (EI/pA)Uxxxx =0, (2)

where v(x, t) is the displacement of the belt in the y (vertical) direction, V is the time-varying belt
speed, ¢ is the wave speed, E is Young’s modulus, 7 is the moment of inertia with respect to the x-
(horizontal) axis, p is the mass density of the belt, 4 is the area of the cross-section of the belt, x is
a constant representing the relative stiffness of the belt (its value is in [0, 1]), x is the co-ordinate in
the horizontal direction, and ¢ is the time.

The beam-like system with a low time-varying speed will be considered in a forthcoming paper.
In this paper, the string-like case will be studied in which the belt velocity V(z) is given by

V(1) = e(Vo + o sin(Q1)), (3)

where ¢ is a small parameter with 0 <e< 1, and V{ and « are constants with V>0 and Vj > |«f.
The velocity variation frequency of the belt is given by Q. In fact the small parameter ¢ indicates
that the belt speed V'(¢) is small compared to the wave speed c. The condition V) > |«| guarantees
that the belt will always move forward in one direction. It will be shown that certain values of Q
can lead to complicated internal resonances of the belt system.

While for more accurate results, a non-linear model is required, it is initially helpful to
investigate a linear model. Knowledge about linear models is important in order to understand
results found in non-linear models, especially for those cases which are weakly non-linear. For
non-linear models describing the dynamic behavior of belts, one refers readers to Refs. [4-6]. In
Ref. [6] the role played by the external frequency of the non-constant belt velocity and the bending
stiffness was studied. It was found that, as the bending stiffness tends to zero, the system behaved
more like a string and its dynamics became more complicated than the beam-like system.

Most belt studies involve mainly belts moving with a constant velocity. Recently in a series of
papers [7-10] several authors considered the vibrations of belts moving with time-dependent
velocities and the vibrations of tensioned pipes conveying fluid with time-dependent velocities. In
fact in Refs. [7-10] Egs. (1) or (2) have been studied, in which V' (¢), as given by Eq. (3), is included.
To find approximations of the displacement of the belt in the vertical direction, the authors of
Refs. [7-10] used the eigenfunction expansion method, the Galerkin truncation method, and the
multiple time-scales perturbation method as for instance described in Refs. [11,12]. To apply the
method of eigenfunction expansions and the perturbation method, special attention has to be paid
to the ((¢) terms involving v, and vy, in Eqgs. (1) or (2). To apply the truncation method the
internal resonances between the vibration modes have to be studied. In Refs. [7-10] the ()(¢) terms
in Egs. (1) or (2) involving v, and v, are not treated correctly by assuming that truncation to one
mode (or a few modes) of the constant belt velocity system is allowable. In this paper one shows
that this truncation is not allowable. In Refs. [7,9], no instabilities of the belt system (as described
by Eq. (1)) were found using the truncation method when the velocity variation frequency Q is
equal to or close to the difference of two natural frequencies of the constant-velocity system. In
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this paper it will be shown that instabilities can also occur when Q is equal to or close to the
difference of two natural frequencies of the constant-velocity system. In Refs. [4,13—17] several
remarks can be found on how and when truncation is allowable. In those papers weakly non-
linear problems for wave and for beam equations have been studied.

In this paper one considers the vibrations of a belt modelled by a string moving with a non-
constant velocity V(¢) = &(Vp + o sin Qtr), where Vj, o, and Q are constants with V> |o. The
velocity V'(¢) can be considered as a periodically changing velocity such that the belt still moves in
one direction. This variation in V(¢) can be considered as some kind of an excitation. In relation
to excitations, some results in this area have been obtained in Refs. [18,19]. In Ref. [18], problems
for a string moving with a constant velocity were considered when one of its ends (i.e., x = L) is
subjected to an harmonic excitation. In Ref. [20], the vibrations of the string at x = L is forced
such that v(x, ) = vy cos Qt. In Ref. [20], the author also studied the case where one end of the
moving string was subjected to an harmonic excitation, representing the case of a belt travelling
from an eccentric pulley to a smooth pulley, whereas the case where both ends of the string are
excited has been studied in Ref. [21]. In that paper a moving string model was used to study the
transverse vibrations of power transmission chains. In all of the papers [18-21], the belt velocity is
assumed to be constant.

This paper is organized as follows. In Section 2, an equation is derived to describe the
transversal vibrations of a belt (modelled as a string). Here one assumes that the belt moves with
an arbitrary low velocity which varies harmonically, i.e., V' (¢) = &(Vy 4+ o sin Q¢). In Section 3, the
energy and the boundedness of the solution of the problem as derived in Section 2 is studied. In
Section 4, the application of the two time-scales perturbation method is discussed to solve the
equation. It turns out that there are infinitely many values of Q that can cause internal resonances.
In this paper, only the resonance case Q2 = cn/L is investigated. All other resonance cases can be
studied similarly. In this section it is also shown that the truncation method cannot be applied to
this problem due to the distribution of energy among all vibration modes. In the last part of
Section 4, a detuning case is also studied for Q = ¢n/L. Finally, in Section 5 some remarks will be
made and some conclusions drawn.

2. A string model

In this section the dynamic behavior of a conveyor belt, modelled by a moving string, is
studied (see Fig. 1). Since the belt is assumed to move with a speed V() (which explicitly
depends on #), one obtains for the time derivative of the transversal displacement v(x,?) of
the belt

Duv/Dt = ov/ot 4 (0v/ox)(dx/dt) = v, + Vo, 4)
and for the second order derivative with respect to time
D?0/Dt* = v, + 2Vvy + Ve + Vivy. (5)
Accordingly, the equation of motion is

Tovxx = p Dzv/th, czvxx =v;+2Vo, + Vzvxx + Vv, (6)
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Fig. 1. Conveyor belt system.

where ¢ = /Ty/p, in which T and p are assumed to be the constant tension and the constant
mass density of the string, respectively. At x = 0 and x = L one assumes that the string is fixed in
vertical direction, where L is the distance between the pulleys.

For V(t) one uses V(¢r) = &(Vy + asin Qf) with V>0 and Vj > |«|. This velocity should be
interpreted as low by comparison with the wave speed ¢ of the belt. The condition Vj > |¢]
guarantees that the belt will always move forward in one direction. Consequently, Eq. (6) becomes

ooy — vy = g2 cos(Qt)vy + 2(Vy + a sin(Q21))vy, ] + 82[V0 +a sin(Qt)]zvxx, (7)

where the boundary and initial conditions are given by
v0,58) =v(L,;6) =0,  v(x,0;6) =f(x),  vi(x,05¢) = g(x), (8)

where f(x) and ¢g(x) represent the initial displacement and the initial velocity of the belt,
respectively. Throughout this paper it is assumed that f and g are sufficiently smooth such that a
two-times continuously differentiable solution for the initial-boundary-value problem (7), (8)
exists. Moreover, it is assumed that all series representations for the solution » (and its
derivatives), and for the functions /" and g are convergent. In this section the initial-boundary-
value problem (7), (8) for v(x, ) will be reduced to a system of infinitely many ordinary differential
equations. This system will be studied further in Section 4 using a two time-scales perturbation
method.

To satisfy the boundary conditions all functions should be expanded in Fourier sine series. So
the solution is of the form v(x, z;¢) = >~ | v,(#;¢) sin(nmx/L). This is an odd function in x, both
with regard to x =0 and x = L. All functions on the right side of Eq. (7) should be extended
properly to make them odd with respect to x = 0 and x = L, and periodic with period 2L thereof.
Note that this extension or expansion process is not applied in Refs. [7-9] causing the occurrence
of incorrect results in the critical values of Q.

To make the right side of Eq. (7) odd, terms which are not already in Fourier sine series form in
x are multiplied with (see also Refs. [13,16])

)1 if 0<x<L (2j + Dnx
%(x)_{l ifL<x<O} Z(ZJ—I-I)TC < L ) ®

Substituting Eq. (9) into Eq. (7) results in

oy — Uy =6 Z @+ l)n sin (QJ +L1) x) [0Q2 cos(Qt)vy + 2(V + o sin(Q1))vy]

+ 82(V0 + o $in(Q1)) vy (10)
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Substitution of v(x,7) = Y.~ v,(t;¢) sin(nnx/L) into Eq. (10) results in
= cnmy 2 nwx
() ) n('7)
Zw: i (2] + Dnx
= 2j + l)n L

n=1

™

X (ocQ cos(Qt) v,, cos <nL ) +2(Vy + asin (Qt)) — vn cos <an))

— & Z (Vo + o sin Q1) (f)zvn sin (?) (11)
n=1

By multiplying Eq. (11) with sin(knx/L), and by integrating the so-obtained equation with respect
to x from x = —L to x = L, one obtains

2
Uy + <6an> v =& 21: — 22: — 23: (2]—21—7111)[1 [0 cos(Qt)v, + 2(Vy + o sin(Q2¢))D,]
2
+ &2 (Vo + o sin(Q1))? (kf”) Uks (12)

where 30 =2, g1y 220 = 2okmgppipw A0 D3 = D001, Eq. (12) will be studied
further in Section 4.

3. Energy and boundedness of the solution

The concept of energy is used in many parts of the next sections. In this section the energy of the
moving string as modelled by the wave equation is derived

ooy = Uy + 2V0y + V0ye + Vioy. (13)
On multiplying Eq. (13) with (v, + Vv,) one obtains after some elementary calculations
(% vz + v Vo + é szz +3 Vzvz)t
+ (=Cvsv, — AV 4+ Vol 4+ Voo, + 3170 = L), = 0. (14)

Integrating Eq. (14) with respect to x from x = 0 to x = L, and then integrating the so-obtained
equation with respect to ¢ from ¢ = 0 to ¢, one obtains

L ‘
/0 Gof + Voo, + 3+ V)l dx =1 /O (= VHVoill de. (15)
The energy E(¢) of the moving string is now defined to be

L
E(t)=1 /0 (v, 4 Vue)* + 2v%) dx. (16)
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Thus, Eq. (15) can be written as

t
E(1) — E(0) =1 /0 (A — VHVR|E de

dE
== N = VHV UL, ) — 020, 0) <MV, (17)
where M is the maximum of % (> — VH(A(L, 1) — v3(0, 1)), where it has been assumed that v(x, ) is
two-times continuously differentiable on 0<x<L and 0<t<Te¢ ' for some positive constant
T<oo. It follows from Eq.(17) that dE/d¢<O(¢) on 0<t<Te ! since V is O(¢). And so,
E(t) — E(0)<O(et) on 0<t<Te'. The following estimate on v(x, ) then also holds

X X L
|v<x,z)|=‘ / 0o, 1) dx| < / 02, ] d S / 1026, 0] dx
0 0 0

< \/ / " 12dx\/ / "20(@02 + (w4 Vo) dx = VIVIED, (18)
0 0

on 0<t<Te~ . One refers to Ref. [22] for more detailed descriptions of energetics of translating
continua.

4. Application of the two time-scales perturbation method

Consider again Eq. (12). The application of a straightforward expansion method to solve
Eq. (12) will result in the occurrence of so-called secular terms which causes the approximations to
become unbounded on long time scales. To remove those secular terms, one introduces two time
scales 7o = ¢ and #; = ¢t. The introduction of these two time scales defines the transformations

ve(t; €) = wi(to, 115 €), du(t;€)/dt = Owy /Oty + e(Owy /Oty),

d?o(t; ) /dE? = 87wy O 4 26(*wi /0tedty) + 2% Wi [OF). (19)

By substituting Eq. (19) into Eq. (12) one obtains
szk/at% + 26(&%wy. /0to0t) + (ckn/L)zwk

I e

&L (0 cos(Qt)w,, + 2[ Vo + o sin(Q1)(0w, /0ty)]) + O(e?).  (20)
T 2 3

Assuming that wi (2o, t1;&) = wio(2o, 1) + ewr1(fo, 11) + -+, then in order to remove the secular
terms up to ((e), it is necessary to solve the problems

o(l): 62wk0/6t3 + (ckn/L)zwko =0,
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*wio
O(e): Pwyy JOt: + (ckm/LYwy = — 2 -y -
@ Gwia 06 + (chn/Lbwia = — 2550+ | 37-30 =37
w2 (40 cos(Qioyw + 2(Vo + asin(@r0)) 220 (21
Qi+ 1)L 0770 0 o1 )
The (1) problem has as its solution
wio(to, 1) = Aro(ty) COS(Ck?TZ()/L) + Byo(t1) Sin(ckﬂfo/L), (22)

where Ao and By are still arbitrary functions that can be used to avoid secular terms in the
solution of the ((¢) problem.

From the O(¢) problem it can readily be seen that there are infinitely many values of Q that can
cause internal resonance. In fact these values are (n + k)cn/L, (n — k)en/L, (k — n)en/L and —(n +
k)yen/L, where k =n—2j—1,or k=2j+1—n, or k =n+2j+ 1 (see also the summations in
Eq. (12)). It is also easy to see that these values for Q are always odd multiples of ¢z/L (or are in
an ((¢)-neighbourhood of these odd multiples). In Refs. [7,9], the critical values of 2 are found to
be even multiples of the natural frequency. These incorrect results in Refs. [7,9] for ()(¢) belt
velocities are due to the fact that certain terms in the PDE (that is, terms involving v, and vy, in
Eq. (7)) are not extended or expanded correctly.

To show how the secular terms can be eliminated three cases will be considered:
Q=cn/L, Q= cn/L+ ¢ and the case in which Q is not in a neighborhood of an odd multiple
of @ =cn/L.

4.1. Case l: Q =cn/L

In Appendix A the equations for Ayo(f;) and Byo(f;) are derived in order that the
approximations of the solution of the problem do not contain secular terms. It turns out that
Ao and By have to satisfy

dAyo/dfi = (k + 1)Bgr1yo + (kK — 1)Bu—1y,
dBio/dfy = —(k + D Agr1y0 — (k — D) Ag—1)0, (23)
where 7} = («/L)t;, and k = 1,2,3, ... . For Q = m(cn/L), where m is odd, the same analysis as

presented in Appendix A can be followed. It then follows that Ay and Byy have to satisfy
k=1,2,3,...)

ddw _ (k+m)Qk+2m 1) (k—m)k —2m+1)
a - mk+m) etm0 ok —m) (=m0>
dBi  (k+m) 2k +2m— 1) (k — m)(2k —2m + 1)
di, m(2k + m) (krm)0 — m(2k — m) (k=m0

It should be noticed that for m = 1 this system of ordinary differential equations is reduced to
system (23). In this section system (23), which is a coupled system of infinitely many ordinary
differential equations is studied.
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4.1.1. Application of the truncation method

First, in trying to find an approximation of the solution of system (23) by using Galerkin’s
truncation method, the first few modes will be used and the higher order modes neglected. For
example, in this case, by considering the first three modes, one obtains from Eq. (23)

X = AX, (24)
where
By O 0 0 -2 0 O
Ao O 0 2 0 0 O
By O -1 0 0 0 -3
X = and A= s
A 1 0 0 0O 3 0
B3 O 0 0 -2 0 O
Axp O 0 2 0 0 O

and where X represents the derivative of X with respect to 7;. This system has eigen-
values 2\/§i, —2\/§i, and 0, all with multiplicity 2. Their associated eigenvectors are
(0,1,4/21,0,0,1), (1,0,0,—+/2i,1,0), (1,0,0,+/2i,1,0), (0,1, —+/2i,0,0,1), (—3,0,0,0,1,0) and
(0,-3,0,0,0,1), respectively. The solution of Eq. (24) is then given by

Bio(t1) = C3 cos(2y/21)) + Cysin(2/21)) — 3Cs,

Ao(tr) = C1 cos(2v/211) + Casin(2V/211) — 3C,

Bao(t1) = —V/2C1 sin(2V/211) + V/2C2 cos(2V/21)) — V/2Cy cos(2v/21y),

Axn(t1) = V2G5 sin(2v/27) — V/2Cy cos(2/211),

Bso(t1) = Cs cos(2y/211) + Cy sin(2y/211) + Cs,

Aso(t1) = C) cos(2V/2t)) + G sin(2V/211) + Ce, (25)

where Ci, Cs, ..., Cq are all constants of integration. Note that all the bars in Eq. (25) has been
dropped.
From the initial conditions (8), that is, v(x,0) = f(x) and v,(x,0) = g(x) it follows that

f(x) = i v (0; €) sin (k%x) o (00 = %/OLf(x) N (kLLx) "

k=1
0 L
g(x) = ;; 2.(0; £) sin <kzx> < i(0:8) = % /0 g(x) sin ("fc) dx. (26)

Moreover, since vi(0;e) = wi(0,0;8) = wro(0,0) + ewr1(0,0) 4+ --- and  0,(0;€) = Wwi(0,0;¢) =
Wro(0, 0) + &1 1(0,0) + --- it follows that

wi0(0,0) = % /0 ' f(x)sin <kLLx) dx, Wi0(0,0) = % /0 ' g(x) sin (k_zx) dx. (27)
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From Egs. (22) and (27) one then obtains
2 [t [k 2 [F . (k
Aro(0) = = / Fosin( ) dx,  Byo(0) = —— / g(x) sin [ ) dix. (28)
L Jo L ckm Jo L

Eq. (28) can be used to calculate the constants in Eq. (25).

In summary, after all constants in Eq. (25) have been calculated, wyo(o, 1) can be determined
using Eq. (22). Then wv(x, t;¢) can be approximated by 213{:1 vi(t; &) sin(knx/L).

For example, using 1, 2, or 3 modes, respectively, with f(x) = (—-8/7°) sin(nx), g(x) =0, ¢ =
L =1 one finds as approximations for v(x, z; ¢):

v(x, t; ) ~ (—8 /1) cos(nty) sin(nx),
v(x, £;6) ~ (—8 /%) cos(v/211) cos(nty) sin(mx) + (4v/2/7%) sin(v/21) sin(2nto) sin(2mx),

v(x, £ 6) ~ (—(2/7°) cos(2v/2t1) — 6/1%) cos(nto) sin(mx)
+ (2v/2/7%) sin(2/241) sin(2nto) sin(27x)
+ ((=2/7%) cos(2V/211) + 2/7%) cos(3nt) sin(3mx). (29)

The graphs of these approximations for v(x, f) for x = 0.5 and ¢ = 0.01 are depicted in Fig. 2.
For more than three modes, eigenvalues and eigenvectors become more and more difficult to
compute by just using pencil and paper. Using the computer software package Maple, the
eigenvalues of system (23) have been computed up to 20 modes and are listed in Table 1. From the
table, it can be seen that the eigenvalues of the truncated system are always purely imaginary, each
has multiplicity two, and for an odd number of modes one obtains an additional pair of zero
eigenvalues. From approximations (29) and from Table 1 it can readily be seen that the truncation

46 50 54
Time (t)

Fig. 2. Approximations for v(x,#) with initial displacement f(x) = (—8/7%) sin(nx) and initial velocity g(x) = 0. The
graphs are given for x = 0.5, 7€[45,55], and ¢ = 0.01.
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Table 1

Approximations of the eigenvalues of the truncated system (23)

No. of Eigenvalues of matrix A (all multiplicity 2) Dimension
modes eigenspace of A
1 0 2
2 +/2i 4
3 0, +21/2i 6
4 +1.131, +£4.33i 8
5 0, +2.30i, +5.89i 10
6 +7.50i, +1.00i, 4-3.56i 12
7 0, £9.151, +2.05i, +4.90i 14
8 +10.831, +£0.93i, +3.18i, 4+ 6.30i, 16
9 0, +£12.54i, +1.89i, +-4.38i, +7.74i 18
10 +14.26i, +0.87i, +5.651, +£9.23i, +2.93i 20
11 0, +16.01i, +1.78i, +4.05i, +6.97i, +-10.76i 22
12 +17.76i, +£0.831i, +£2.76i, +5.22i, +8.33i, +12.31i 24
13 0, +£19.53i, +1.70i, +3.81i, +£6.451, +9.73i, + 13.88i, +19.53i 26
14 +21.31i, +£15.48i, +0.80i, +2.63i, +4.92i, +7.72i, +11.16i 28
15 0, +23.11i, +17.10i, + 1.64i, +3.63i, +£6.07i, +£9.03i, +12.63i 30
16 +2491i, +18.73i, £0.78i, +2.531, +4.68i, +7.28i, +10.381, + 14.11i, 32
17 0, +26.71i, +20.38i, 4+ 1.58i, +3.49i, +5.79i, +8.52i, +11.751 4+ 15.62i, 34
18 +28.531, +£22.051, +£0.751, +2.45i, +4.50i, +6.93i, +9.79i, +13.16i, +17.15i 36
19 0, +£30.351, +£23.72i, +1.54i, +3.37i, +£5.551, +8.12i, + 11.10i, £+ 14.58i, +18.701 38
20 +32.181, +£25.411, +£0.73i, +2.38i, +4.34i, +6.65i, +9.331, +12.43i, +16.03i, +20.27i 40

method will not give accurate results on long time scales, that is, on time scales of order ¢~'. On
the other hand it is well known in mathematics that if the truncated system has only purely
imaginary eigenvalues and/or eigenvalues equal to zero then no conclusions can be drawn for the
infinite dimensional system.

4.1.2. Analysis of the infinite dimensional system (23)
The previous subsection shows that if system (23) is truncated then the eigenvalues of the
truncated system are always purely imaginary or zero. This section will show that the results

obtained by applying the truncation method are not valid on time scales of order ¢~
By putting kByo(t1) = Yio(t1) and kAyo(ty) = Xio(t1), system (23) becomes

dYio/dty = k[— X110 — X—1)0ls dXko/dty = k[ Yis10 + Yi—1)0),

for k = 1,2,3, cees and Xoo = Y()() =0.
Accordingly

By adding both equations in Eq. (31), and then summing from k =1 to o

Yio Yo = —k[ Yio X 10 + YioXk—10],
X0 Xko = k[ Xko Yoer 10 + Xko Yoe—1y0)-

0

=, d
: Z d_tl(leo + Xip) = Z [Xtk+10 Yio — Yot 10 Xko]-
=1

k=1

1

(30)

(31)

(32)
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By differentiating Eq. (32) with respect to t; one finds (see also Appendix B)

Z (Yko + Xip) =2 Z (X + Yio), (33)
k=1
and so, by putting Y7, (X7, + Yko) = W(t,), finally
2
d Z;(“) — AW (1)) = 0. (34)
1

The solution of Eq. (34) is W(t;) = Kie*' + K-e™>"1, where K; and K, are constants. Note that
W(t) is a first integral of system (23). K| and K, are both positive numbers as is shown in the
following calculation. From W(t)) = Y2, [X7 + Y3)] it follows that

o0

W)=Y [X50) + Yi(0]=0 = K +K>0. (35)
k=1

Differentiating W(¢;) with respect to #; and then putting z;, =0

o0

K - K = Z [ Yi0(0) X(11)0(0) — Xk0(0) Y4 1)0(0)]. (36)
i

From Egs. (35) and (36) it then follows that

2K, = Z [X2(0) + Y75(0) + Yio(0) X1 10(0) — Xio(0) Yk 1)0(0)]
=1

=1 X7(0) + 1 Y7,(0) + L (X10(0) — Y20(0))* + 4 (¥10(0) + X20(0))*
+ 1 (X20(0) — ¥30(0))* + 1 (¥20(0) + X30(0))* + ---
+ 1 (X0(0) — Y 10(0))* + 3 (Y50(0) + X 110(0))* + -+ >0. (37)

So, K1 >0 and 0 if and only if X}(0) = Y30(0) = 0 foreach k = 1,2, 3, .... Using a similar method,
K, also can be shown to be a non-negative number. Consequently, W (z;) is, in general, non-
negative and increases as | increases. This behavior is different from the behavior of A(z;) and
Byo(t)) as obtained by applying the truncation method. If one applies the truncation method, one
merely obtains sin and cos functions for Ayy and By, while the energy (see next subsection) is
described by exponential functions. This means that the approximations obtained by applying the
truncation method to system (23) are not accurate on long time scales, that is, on time scales of
order ¢!,

4.1.3. The energy
The energy E(t) of the conveyor belt system can also be approximated using the function W(t;).

Since
= . [knx
v(x,t) = Z v(?) sin <—>

k=1

i[Ako(ll)cos( kL ) + Bjo(t) sm( kLntﬂ sin <kz ) + O(e), (38)

k=1
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it follows that the energy E(¢) satisfies

L
E(1) =3 / [(v, + Voo)* + Pl dx
0
T o . (kmnt k) 2
I ; k <—Ak0 sin (T) + By cos (T))

ckrt . [cknt 2
+ <Ak0 cos <L > + By sin <L >>

— Z [(kAko)* + (kBro)’] + O(e)

2.2 k; C2 2
- DG+ Yl + 0@ = S Wi+ 06) (39)

+ 0(e)

=28 (Kie? + Koe 21) + O(e). (40)
So, the energy increases, although it is bounded on a time scale of order 1/e.

4.2. Case 2: Q = cn/L+ €

In this section detuning from Q = ¢n/L, will be studied in which the case Q = ¢n/L + €0 where
0 = (O(1) is considered. In order to avoid secular terms in the approximation, it can be shown (the
calculation are similar to those in Section 4.1) that 4.y(¢;) and Byo(?;) have to satisfy

dAko/dfy = (k + D[Bk+1)0 c0s(671) + A1) Sin(o7)]
+ (k — D[B-1)0 cos(d71) — A1) sin(671)],

dByo/dfy = — (k + D[ A1) c08(671) — By 1y sin(671)]
— (k — 1)[A(k_1)0 COS(5f1) + B(k—l)O sin(éfl)], (41)
for k=1,2,3,... . It should be noticed that for 4 =0 one obtains again system (23). For

convenience, the bar from 7; is omitted.
The calculations as given in Section 4.1.2 can be followed again to obtain

EW(n)/de + (3> — HW (1) = D1, (42)
where W (t)) is defined as in Section 4.1.2, and D; = W/(0). Elementary calculations then yield

for 10| <2: W(zl)_ [4cosh(t1\/4 0% — 81+ \/_s1nh(tl\/4 8%);

for 18] = 2: W(t1) = Dy + Doty + 4 D16°t3;

for 16| >2: W(t) = D 4 —4cos(1, V6 — 4]+ \/_sm(zl\/ 6 — 4);
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where D, = dW(0)/d¢;. The interesting features of these solutions are, that for || <2, W(¢;) (and
so the energy) increases exponentially. For || = 2, W (#) increases polynomially, and finally for
[0] > 2, W(t;) is bounded due to the trigonometric functions.

4.3. Case 3: the non-resonant case

If Q is not within an order &-neighborhood of the frequencies that cause internal resonance, that
is, not within an order ¢-neighborhood of mcn/L (with m odd) then Axo(#;) and Byo(t;) have to
satisfy

dAko/d[1 =0, dBko/dtl =0, (43)
in order to avoid secular terms. Consequently, Ayo(?;) and Byo(?1) are constants, say
Kl and K24 such that wvgo(t,t) = Kk cos(cknty/L) + K2k sin(cknty/L). Since v(x,t) =

S oiey uk(?) sin(knx /L), where v(¢) is approximated by wio(f, 1), it follows from the initial
conditions v(x,0) = f(x) and v,(x, 0) = g(x) that

2 L
Kl = / £(x) sm< > dx,  K2p = — / g(x) sin <kix> da. (44)
ckn Jo L
The energy E(¢) of the conveyor belt system for this case can be approximated from

v(x, )~ Z <K1k0 cos <ckzto> + K2 sin (ckzt())) sin (%) + 0(¢), (45)
k=1

where K19 and K2y are given by Eq. (44). Then,

L
E(t) = / (v + *v%) dx + O(e)

§ j Ck”) (K12, + K22,) + 0(c)
k:
2

=35 /8(1(120 + K27) + 0(s), (46)

Using Eq. (44), finally,

202L L1 L krmx ) SR L knx 2
E - _ /A iied - _ I/ iaied n
(=" ,;kz[/o f sm< 7 >dx] +— l; k4[/0 g sm< 7 )dx} +0(e)

= constant + 0(¢). (47)

5. Conclusions

In this paper, initial-boundary-value problems which can be used as models to describe
transversal vibrations of belt systems, have been studied. The belt was assumed to move with a
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non-constant, low velocity V(¢), that is, V(¢) = &(Vy + o sin(Q¢)), where 0 <e<1 and Vy, o, Q2 are
constants. Formal approximations of the solution of the initial-boundary-value problem have
been constructed. Also explicit approximations of the energy of the belt system have been given. It
turns out that there are infinitely many values of © giving rise to internal resonances in the belt
system. These values for Q are men/L + &6 where m is an arbitrary odd integer, cn/L is the lowest
natural frequency of the constant velocity system, and ¢ is a detuning parameter of ((1). For
Q = cn/L + €0 (that is, m = 1) the problem has been studied completely. The following interesting
results have been found: for |0 <2 the energy of the belt system increases exponentially, for |§] = 2
the energy increases polynomially and for |d|>2 the energy is bounded and varies
trigonometrically. When Q is not in an order e-neighborhood of mcn/L (with m odd) the energy
of the belt system is constant up to order ¢. All the results found are valid on long time scales, that
is, on time scales of order ¢ .

One major conclusion of this paper is that the truncation method cannot be applied to
obtain asymptotic results on long time scales (that is, on time scales of order ¢~') when Q is
in an order e-neighborhood of an odd multiple of the lowest natural frequency of the constant
velocity system. Moreover, in this paper improvements have been suggested to the (incorrect)
results and applied methods as for instance given and used in Refs. [7-10] for low-speed belt
systems.

Appendix A

In order to remove secular terms in the approximation for v(x, ¢; ¢) this appendix will show that
the function Ao(¢;) and Byo(z;) have to satisfy

dAo(t1)/dty = (k + 1)Byg1yo(t1) + (k — 1)Bg—1y(t1),

dByo(t1)/dty = —(k + D Agyo(t1) — (K — D Ag—1)(t1), (A.1)

for k=1,2,3,... . This can be derived as follows. After introducing a slow and a fast
time in Section 4, Eq. (21) with Q = ¢n/L was obtained. The solution of the (1) problem is
vko(to, 11) = Aro(t1) cos(ckmnty/L) + Byo(t)) sin(cknty/L), where Ayy and By can be determined
from the (O(¢) equation by removing terms on the right side of this equation causing secular terms
in v (o, 11).

The first term on the right side of the ()(¢) equation causing secular terms is —208%v/0to0t; =
2(Ck7'C/L)[(dAk0/dll) Sin(ckﬂ?lo/L) — (dBko/dll) COS(CkTE[o/L)].

Separating those terms in the second term of the right side the ()(¢) equation causing secular
terms,

[Z - Z - Z (2]23_% cos(2t)vu0
1 2 3
} [Z B Z - Z (;Zia?ﬁ cos(Qto) [AnO(fl) cos (ant()) + Byo(t1) sin (certO”
1 2 3
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ocm ckmt k+1 k—1
= k+1)A4 —(k—DAg—10 — A A
i COS< 7 ) [( + D Ag+1y0 — ( A =170 2+ 1 Aerno = 37 Ae- 1)0}
acw . [cknty k+1 k—1
+ 7 sin < 7 ) [(k+ DBy 10 — (k — 1D)Byg—1y0 — w1 B 10 — - IB(k 1)0]

+ “terms not giving rise to secular terms in vg;”.
Similarly, for the third term,

RIS

4n Ovy
m (V(] + o Sln(Qt())) 0

(2:‘—71)L (Vo + asin(Q2ty)) —[ .0 COS (CHZZO> — A, sin (ant())]

1 2

222

T 2
_ocn (ckmo

=5 cos(— ) [—2(k + 1) Ao — 20k — 1* Age_ 1o

2(k + 1) 20k — 1) acn . [ cknt
Tk Ak oy Awew (T
2(k + 1) 20k — 1)?
ka1 D T Ty B

+ “terms not giving rise to secular terms in vg;”.

X [—20‘ + 1’ Bty — 2(k — 1) Bg—1yo +

By collecting all terms on the right side of the ()(¢) equation containing cos(cknty/L) and those
containing sin(ckmnty/L), setting their coefficients equal to 0 in order to remove the secular terms,
one obtains (A.1).

Appendix B

In this appendix one shows that
0 d 0
$Y 0 Y+ X =23 (X + Y. B.1)
k=1 l k=1
From Eq. (30) it follows that

= d - . .

I (Y + X)) = [YeoYio + XeoXio]
k=1 dtl k=1
o)

= X0 Yeo — Yies 10 Xio]-
pay
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Differentiating this expression with respect to ¢1, and using Section 4.11

o0 o0
3 kz: a (Yko + X)) = ; [(Xtk+1)0 Yio + Xk 100 Yo — Y100 Xk0 — Yt 10 Xko0]

=i (k + DLX, +Y/§o]—i(’n_1)[ o+ Yol
- -

=2(X2 4+ Y2) + Z (k4 D[XZ + Y] — Z (m— D[X2y + Y2]

= m=2

—2(X3 + Y) + 2 [k + 1) = (k = DIIXG + Y]

0

=2(X% + Y2 + Z AXG + Yl =2 > [N + Yl
k=1

And so, Eq. (B.1) has been proved.
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